We address the effect of nearest-neighbor (NN) interactions on the topological properties of the Su-Schrieffer-Heeger (SSH) chain, with alternating hopping amplitudes t1 and t2. Both numerically and analytically, we show that the presence of interactions induces phase transitions between topologically different regimes. In the particular case of one-hole excitations in a half-filled SSH chain, the V /t2 vs. t1/t2 phase diagram has topological phases at diagonal regions of the phase plane. The interaction acts in this case as a passivation potential. For general filling of the SSH chain, different eigensubspaces of the SSH Hamiltonian may be classified as topologically trivial and non-trivial. The two-hole case is studied in detail in the large interaction limit, and we show that a mapping can be constructed of the two-hole SSH eigensubspaces into one-particle states of a non-interacting one-dimensional (1D) tight-binding model, with interfaces between regions with different hopping constants and local potentials. The presence of edge states of topological origin in the equivalent chain can be readily identified, as well as their correspondence to the original two-hole states. Of these states only some, identified by us, are protected and, therefore, truly topological. Furthermore, we found that the presence of the NN interaction generates a state where two holes occupy two consecutive edge states. Such many-body states should also occur for arbitrary filling leading to the possibility of a macroscopic hole gathering at the surface (at consecutive edge states).
I. INTRODUCTION
The SSH model of polyacetilene chains 1 is an extensively studied 1D tight-binding model with alternate hopping constants, which can support topologically protected edge states 2 . When interactions are introduced in the SSH model, the independent electron picture no longer holds and one can not determine a band structure from which the Berry phase could be calculated. However, as we show below, in a half-filled SSH chain (one electron per site) with NN interactions, one-hole excitations can be treated as independent effective particles, and one recovers the Berry phase. The effect of on-site interactions on the topological excitations of a half-filled 1D chain was already characterized numerically by Guo and Shen 3 .
The possibility of topological phases in real materials taking into account the presence of many-body interactions has been first addressed by Niu and Thouless 4 . By interpreting a 1D chain as a cell of a larger supercell of equivalent chains, one can employ the method of twisted boundary conditions on the many-body wave function to find, after averaging over all possible boundary conditions, a quantized Berry phase 5 . The method works as long as the system remains an insulator as interactions are introduced. This approach was recently followed in the case of interacting 1D chains with fractional fillings where, due to the degeneracy of the ground state, a topological phase characterized by a fractional Berry phase was found 6, 7 .
In the context of SSH chains, different kinds of interactions have been introduced and their effects characterized: Hubbard interaction 8 , impurity atoms at specific sites [9] [10] [11] , spin-orbit coupling 12 , superconducting pairing terms 13 and electron-electron (e-e) interactions between nearest neighbors in periodic chains 14 . Hubbard and e-e interactions have also been studied in the context of polaron transport dynamics [15] [16] [17] . Topologically protected edge states in similar 1D optical lattices with on-site interactions 18 , or with Zeeman 19 and synthetic gauge fields 20 , have also been studied. The problem of twobody physics in 1D chains [21] [22] [23] [24] [25] has attracted the attention of the community as of lately and, in the particular context of the SSH model, which is the focus of this paper, there are some very recent papers that address the problem of two-boson states (doublons) in the presence of Hubbard interactions [26] [27] [28] .
In this paper, we consider interactions in a fermionic half-filled SSH chain and show how, for one-hole excitations, the NN interactions are converted into local potentials at the edge sites which, at critical strengths, reverse the topological nature of the chain 11, 26, 27 . We further study two-hole excitations and find that, in the limit of strong interactions, the two-hole states available in a given eigensubspace can be translated as oneparticle states in an equivalent chain with different sections, whose construction rules we detail, where the interaction vanishes. Because of this, in all different sections of this equivalent chain the usual topological characterization, given by the Berry phase, can again be made, and thus the possible presence of topological states can be readily identified.
II. THE MODEL
We consider a spinless SSH model of an open chain with interactions, depicted in Fig. 1(i) ,
where j is the site number, n j = c † j c j is the electronic occupation number, N is the number of sites, t 1 and t 2 are the staggered hopping parameters of the chain and V is the NN Coulomb interaction. Added on-site potentials at the edges. (iii) When V → ∞ the system can be splitted in two independent parts: the two edge sites and the rest of the chain. The edge hoppings of this smaller chain switch from t1 to t2, so that its topological nature, for fixed (t1, t2), is the inverse of (i). (iv) V /t2 vs. t1/t2 phase diagram of a one-hole state in an infinite open chain. In region T, there are midgap topological edge states. In regions NT, there are no edge states. In regions E, there are non-topological edge states pinned around the impurities with energies above the conduction bands (for V > t2) or below the valence bands (for V < −t2). In regions T+E, there are both topological and non-topological edge states. Points labeled (a)-(e) show the position on the phase diagram of the corresponding cases in Fig. 2 .
A. One-hole states
Let us consider one-hole excitations in an half-filled chain (one electron per site). Using the particle-hole transformation c † j (c j ) → h j (h † j ), together with the fermionic anticommutation rules, the Hamiltonian in (1) becomes [apart from a constant term given by V (N − 1 − 2), where N − 1 is the number of links and 2 is the number of missing links for a hole placed at a bulk site],
where n h j = h † j h j is the hole occupation number. The last term shows how the NN interaction translates into an on-site potential at the end sites, that is, in the onehole Hamiltonian the interaction becomes equivalent to an impurity (passivation) potential located at both ends, reflecting the different coordination number of the end sites, as shown in Fig. 1(ii) .
This edge potential V will change the relative position of the energy of the topological edge states and, with increasing V (more precisely for |V | > t 2 ), new nontopological localized states appear, pinned at the edge impurities 11, 26, 27 , and the topological nature of the chain is reversed, i.e., it goes from topologically non-trivial to trivial, or vice-versa. The phase diagram of Fig. 1(iv) illustrates this behavior. The V = 0 line gives the usual SSH topological characterization.
There is a simple qualitative picture to show why a strong |V | changes the topological nature of the chain. In the absence of impurity potentials at the edges, topological edge states are present if the edge t 1 hoppings are the long bonds (t 1 < t 2 ), and absent otherwise. If we consider the |V | → ∞ limit, the chain can be divided in two independent parts 9 : the edge sites separate from the rest of the chain, as shown in Fig. 1(iii) . The edge hoppings of the new smaller chain switch from t 1 to t 2 , so the topologically non-trivial phase requires the t 2 hoppings to be now the long bonds -the dimerization of the chain is reversed 11, 29 . Numerically it is found that an effective dimerization reversal occurs at |V | = t 2 , which is also the |V | value above which localized impurity states appear (a similar description can be found in section 2 of the appendix in Ref. 27) .
A concrete example of a chain with N = 100 sites was studied. The phase diagram of Fig. 1 (iv) was seen to hold for this chain, apart from small finite-size effects. For different combinations of parameters, in different regions of the phase diagram, the energy levels are plotted in Figs. 2(a) -(e). We considered only negative values for V . The energy levels for the symmetric positive V 's are given by a reflection about the zero energy level. A finite detachment of an energy level from either of the bands was the criterion used for defining the edge states. The usual energy spectrum for an SSH chain in the topological phase is recovered when V = 0, as in Fig. 2(a) , with its zero energy states (doubly degenerate green level). By turning on a small V , the only effect will be to lower the topological edge states close to the top of the lower band [see Fig. 2 Examples of the spatial distribution of the wavefunction of some of the edge states in the chain are shown in Fig. 2 (f). The bottom case is of an impurity edge state, which is also the ground state. Both the top and middle cases concern topological edge states. The most important difference between them is that the maximum in the probability amplitude occurs at an edge site in the top case, and at the first inner sites at both edges (i=2,N −1) in the middle case. This comes as a consequence of the dimerization reversal which occurs in the middle case of Fig. 2(f) , where |V | > t 2 . In the |V | → ∞ limit illustrated in Fig. 1(c) , the wavefunction of the bottom case of Fig. 2 (f) would be completely localized at the edge site and, in the middle case, the probability amplitude at the edge sites would be zero, since the edge sites would become independent of the chain.
The results derived here for one-hole states can be used to describe other kinds of one-particle states. Consider the introduction of an electron into an half-filled extended-Hubbard chain [30] [31] [32] [33] [34] [35] [36] of spinfull electrons for U V t 1 , t 2 . This condition ensures that the background is composed of one electron per site. The introduction of another electron into the chain creates a doubly occupancy. The effect of the e-e interaction is again dependent on the position of the double occupancy, that is, on the number of nearest neighbors: if it is located at a bulk site, the energy is raised by 2V and if, on the other hand, it is located at an edge site the energy is raised by V (the effect is symmetric to the one-hole states considered before). Note that both the spin configuration of the background and of the introduced electron become irrelevant. Then, after the constant U term, giving the energy of the double occupancy, is taken out, the problem can be treated, as before, as the creation of a one-hole state in a background of spinless electrons, with the introduction of an on-site potential −V at the edges [the same as Fig. 1 (ii), but with V → −V ]. Another example is the quantum Heisenberg XXZ model 37 with staggered in-plane Heisenberg couplings. If we define a particle creation as a spin-flip on a ferromagnetic background, we can map this model, following standard techniques 38 , into a model of hard-core bosons in an SSH chain with the Hamiltonian of (1), by substituting −J i /2 → t i and J z → V , where J 1 , J 2 and J z are, respectively, the two staggered in-plane couplings and the z component coupling.
B. Two-hole states
We have seen that for |V | t 1 , t 2 , the chain gets effectively shortened for one-hole states [see Fig. 1(iii) ]. For two-hole states, we define a new zero of potential, dropping the V (N − 1 − 4) energy constant of the states with two holes localized at non-adjacent bulk sites (where 4 is the number of missing NN interactions in comparison with the half-filled case). Relative to the new zero of potential, there will be a subspace of states with potential energy V (with 3 missing NN interactions). In turn, there are two different kinds of states in this subspace. One kind has one hole localized at one of the edge sites and the other restricted to the smaller inner SSH chain [orange dashed box in Fig. 3(a) ]. These states have the form
has one hole at h † 1(N ) , the left (right) edge. The other kind of states consists of two holes localized at adjacent bulk sites, of the form
Two different examples are shown in Fig. 3(b) .
In the |V | t i limit considered, t 1 and t 2 can be regarded as perturbations that lift degeneracies in the subspace of states with energy V . By collecting all terms up to second-order, one can construct an equivalent chain, as in Fig. 3(c) , where each two-particle state is regarded a site of this chain: d † L,i and f † i states in Figs. 3(a) and (b) become, respectively, sites of the d L and f chains in the equivalent chain. In what follows, we will only consider the d L and f chains, which is sufficient to establish the correspondence. Apart from small energy corrections at the edge sites, the effect of the introduction of the d R -chain would be to make each energy state doubly degenerate. Some on-site potential and hopping terms of our second-order expansion are depicted in Figs. 3(d)-(g) . The Hamiltonian of the equivalent chain writes as
where 
and n f 1 are the occupation numbers of the d L and f chains, respectively. Because this is the Hamiltonian for one-particle states, and not one-hole states, the hopping terms have reversed signs. The interface connects two chains with distinct topological natures, since the fchain is trivial and the d L -chain non-trivial (the usual SSH chain with on-site potentials and mixed edges).
We studied a concrete example of two-hole states in an SSH chain with N = 20 sites and compared them to the states present in the equivalent chain with 34 sites (both the d L -chain and the f -chain have M = N − 3 = 17 sites). The states of the SSH and equivalent chain are written, respectively, as
After finding the coefficients numerically, the mean occupation for each site is given by n j = ψ|h † j h j |ψ . In the case of the equivalent chain, we use the corre-
For (V, t 1 , t 2 ) → t(−14, 1, 0.2), where t is an arbitrary energy constant, the energy spectrum for the SSH chain with N = 20 sites, in the subspace of states with potential energy V is shown in Fig. 4(a) . Bands around E/t = −13 and E/t = −15 correspond to itinerant bulk states of the hole confined to the chain delimited by the orange dashed box in Fig. 3(a) , that is, bulk states in the corresponding d chains, while very narrow bands around E/t = −14 and E/t ≈ −14.14 correspond to itinerant bulk states for the bound states of Fig. 3(b) , that is, bulk states in the corresponding f chain. The appearance of a gap between these narrow bands, ∆E ≈ 0.14t ≈ V , is explained by the alternating on-site potentials in the f chain [see (5)]. Two impurity-like states (red levels with E/t −15.49 and E/t −12.65), whose origin will be discussed below, and two states of topological origin are found (dashed green levels at E/t = −14, superposed with other non-topological orange levels consisting of bulk states in the f chain). In what follows, we need to differentiate states with topological origin, but not topologically protected, from true topological states that are robust against disorder, i.e., that cannot couple and scatter into bulk states. Regardless of this distinction, the topological origin of all these states stems from the underlying SSH geometry present in the equivalent chain.
The set of parameters considered is enough to ensure that one is, for all intended purposes, in the V t 1 , t 2 limit. Therefore, one can construct the equivalent chain, using the Hamiltonian in (3), and verify the correspondence between its one-particle states and the two-hole states in the original SSH chain. The energy spectrum of one-particle states in the equivalent chain was found to match, apart from negligible energy corrections, that of Fig. 4(a) . The profiles of the top impurity-like state (red level with E/t −12.65) and of one of the edge states with a topological origin (dashed green level with E/t = −14), in the equivalent chain, are shown in Fig. 4(b) . The insets show how they translate in terms of mean occupancy at the sites of the original SSH chain. The state shown in the bottom inset has one hole localized at the left edge and the other in a topological state with a decaying tail from the right edge of the smaller inner chain [see orange dashed box in Fig. 3(a) ], which ends with a t 2 hopping. But is this state topologically protected, given that its energy, at E/t = −14 [see Fig. 4(a) ], is inside the narrow band of bulk states of the f chain (superposed orange levels)? Even though there is no gap separating it from the f bulk states, one can still argue that it can be regarded as a topologically protected state. This can be better understood by looking at the equivalent chain in Fig. 3(c) . The topological state is localized at the right edge of the d L chain, while the others are bulk states of the f chain. To perturbatively couple d L,M with any of the f sites would require longrange hoppings which, for a d L chain larger then only a few sites, becomes physically unrealistic. The same reasoning applies to the introduction of local disorder, against which this state is also protected. The profiles of each inset reveal an almost exact agreement with the states of the original chain, which confirms that the problem of one-particle states in the equivalent chain captures the essential features of the two-hole problem in the SSH chain, in the limit considered. One hole localized at the first inner site, topologically protected, and another in an itinerant bulk state. States (g) and (h) are given by a linear combination of two degenerate eigenstates. In all localized holes a decaying tail to the bulk is implied.
We mentioned the existence of two states of topological origin for (V, t 1 , t 2 ) → t(−14, 1, 0.2). Their energies are quasi-degenerate and so they are both represented by the green level in Fig. 4(a) at E/t = −14. One of them, shown at the bottom inset of Fig. 4(b) , has a hole located at the right edge of the orange dashed box in Fig. 3(a) , which ends in a t 2 hopping, as expected. Since the left edge ends with a t 1 hopping, how can a second state of topological origin be present at this edge, given that t 2 < t 1 ? Suppose t 2 t 1 V . In this limit, terms with t 2 can be treated as a perturbation in the equivalent chain in Fig. 3(c) . Let us focus on the three sites at the interface, which form the basis {|f 1 , |d L,1 , |d L,2 }, connected to the rest of the chain by terms containing t 2 [see dashed box in Fig. 3(c) ], and diagonalize them first.
The Hamiltonian in this basis is given by
where a constant on-site potential term, VÎ, withÎ the identity matrix, was taken out. Diagonalization yields the following eigenvalues and eigenvectors: E ± ≈ (−1, 0, 1). When t 2 is turned on, these are the three hopping possibilities available at the interface, as shown in Fig. 4(c) . Notice that |0 has no component in |d L,1 , so that for this case the d L -chain effectively starts at the d L,2 site, that is, the hopping at the left edge of this shorter d L -chain, now between |0 and |d L,3 , is given by
, which allows for the presence of a second state of topological origin, with the profile of Fig. 4(d) , which is not protected since it couples to the f chain via |f 2 when perturbations are introduced. Furthermore, "sites" |± can be readily identified as the origin of the impurity-like states lying at the interface [red levels in Fig. 4(a) with energies E/t −12.65 and E/t −15.49, when the constant V is added]. On-site potentials E ± > |t 2 | at |± throw these two new left ends of the d L chain into the non-topological sector in the phase diagram of Fig. 1(iv) . Even though (V, t 1 , t 2 ) → t(−14, 1, 0.2) is still somewhat far from the t 2 t 1 V limit, the above considerations are enough to account, nonetheless, for the results obtained.
The states available in the zero potential subspace, which yield the energy spectrum of Fig. 4(e) , are composed of two non-consecutive bulk holes. Thus, as in Fig. 1(iii) , the two holes are confined to the inner chain with t 2 hoppings at its ends. Under these conditions, three additional kinds of states of topological origin can be found in this subspace: one with one hole localized at each end of the inner chain [see Fig. 4(f) ], another with the two holes localized at the edge and at the first nonconsecutive site of the inner chain [see Fig. 4(g) ], and finally one with one hole localized at an edge of the inner chain and one hole in an itinerant state at the bulk [see Fig. 4(h) ]. Only this last one can be considered topologically protected, in the following sense: while the states in Fig. 4 (f) and (g) are buried in a continuum of itinerant states around zero energy, the states of the type of Fig. 4 (h) form two bands (the itinerant hole at the bulk gives the usual SSH energy spectrum, since the hole at the edge has zero energy) energetically separated from the others, as shown in Fig. 4(e) . When disorder is introduced in a state within one of these two bands, its effect will be to scatter the bulk hole, while the edge hole remains unaffected, since it is a common feature of all the states in that band. Therefore, the edge hole of Fig. 4(h) is topologically protected. However, note that we may think of other definitions of topological protection of many-body states. In particular, a more severe definition would be to require that the complete manybody state is protected against disorder 18 . In this paper, we adopt the less severe definition explained above. Note that throughout this paper we consider as topologically originated all multi-hole states where at least one hole is in a state with topological origin.
When the values of the hoppings are switched, (V, t 1 , t 2 ) → t(−14, 0.2, 1), one finds two different states of topological origin, both unprotected, and no impuritylike states. These states have one of the holes localized at the left edge of the orange dashed box in Fig. 3(a) , since t 1 < t 2 . Starting with t 1 = 0, the d L,1 and f 1 sites are isolated, and both states of the equivalent chain with one particle located in one of these sites have energy V . Using the same reasoning as before, one takes now the t 1 t 2 V limit, where t 1 is a perturbation. As t 1 is turned on, the degeneracy of these states is lifted first, yielding new states that are a symmetric and anti-symmetric combination of {|d L,1 , |f 1 }. Both these new states have a component in |d L,1 , which is linked to |d L,2 by t1 √ 2 > t 2 , that is, one effectively has two left edges that support two states of topological origin, although unprotected due to the |f 1 component.
Our results show that, for high enough V , two-hole states of topological origin are present in the SSH chain in both the t1 t2 ≶ 1 regimes. This comes as a consequence of the mixed edges of the smaller chain [see orange dashed box in Fig. 3(a) ] to which one of the holes is restricted.
III. CONCLUSIONS
The natural extension of our results would be the characterization of topologically originated n-hole states, with n > 2. As more holes are introduced into the chain, more energy subspaces are available and one expects the appearance of a cascade of topologically originated states distributed in these subspaces, until n = N/2. From this point onwards, the introduction of more holes decreases the energy subspaces available and, therefore, the number of topologically originated states present. Note that, for n = N − 1 holes in the chain, one should recover the classical one-particle energy spectrum of the SSH chain. For V t 1 > t 2 and n ≤ N/2 − 1, there should be a particular topologically originated state at the zero energy subspace with n holes localized at every other site starting from the first inner site, as shown in Fig. 4 (g) for n = 2. A similar state should also be present for V t 2 > t 1 and n ≤ N/2 in the V energy subspace, where one of the non-consecutive holes is at an edge site. One also expects the correspondence between n-hole topological states and one-particle states in equivalent chains to hold, whose construction rules are specific to each case, following the results drawn here for two-hole states [see Fig. 3(c) ].
